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Unified nonlinear spinor field models are selfregularizing quantum field theories in which all
observable (elementary and non-elementary) particles are assumed to be bound states of
fermionic preon fields. Due to their large masses the preons themselves are confined. In
preceding papers a functional energy representation, the statistical interpretation and the
dynamical equations were derived. In this paper the dynamics of composite particles is discussed.
The composite particles are defined to be eigensolutions of the diagonal part of the energy
representation. Corresponding calculations are in preparation, but in the present paper a suitable
composite particle spectrum is assumed. It consists of preon-antipreon boson states and three-
preon-fermion states with corresponding antifermions and contains bound states as well as preon
scattering states. The state functional is expanded in terms of these composite particle states with
inclusion of preon scattering states. The transformation of the functional energy representation of
the spinor field into composite particle functional operators produces a hierarchy of effective
interactions at the composite particle level, the leading terms of which are identical with the
functional energy representation of a phenomenological boson-fermion coupling theory. This
representation is valid as long as the processes are assumed to be below the energetic threshold for
preon production or preon break-up reactions, respectively. From this it can be concluded that
below the threshold the effective interactions of composite particles in a unified spinor field
model lead to phenomenological coupling theories which depend in their properties on the
bound state spectrum of the self-regularizing spinor theory.

PACS 11.10 Field theory
PACS 12.35 Composite Models of Particles

two or three functional derivatives d,, 0, 0,, d; 9, 9,
etc. on | &) by means of cluster operators. In order
to do this we substitute (3.8), (3.9a), (3.9b) into
(3.17). This gives

F=> c(n...nN, q1 .. gg, Wi ... w | @)

4. Cluster Functional Derivatives

In the preceding section we discussed the truncat-
ed functional equation (3.1) with respect to the
definition of single cluster states. If the dynamics of
cluster interactions is to be considered we need the

complete functional equation (1.11) or (1.15), re- {Véﬁ“_l. - Cuwes 7
spectively, of our HDNSF model in the energy m JuJeyeee Sng " Sun oy
representation. According to our program we trans- ~ GBS Te Juyos GEEETe T T 4.1

form not only the states but also this equation into a
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cluster representation. In doing so the sources them- wi Y Jay JbyJey WL Jay Joy Jeu |0

selves as well as their derivatives have to be
expressed in terms of cluster operators. For the
sources the corresponding formulae are given by
(3.14), (3.15a), (3.15b). We will express the deriva-
tives in terms of cluster derivatives in this section by
means of the chain rule. We assume that a func-
tional state |§) of Eq.(1.15) is represented by
(3.17). Then we have to describe the effect of one,
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If we now observe the symmetry properties of
c(ny...ny,qy...qx, wy ... wy |a) as well as the anti-
symmetry of the cluster wave functions occurring in
(4.1), then one can verify by a straight-forward
calculation that
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i.e. the chain rule holds.
Along the same lines one can transform the
second order derivatives, etc. For example, we still
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write down a second order derivative explicitly
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As one can see from (4.2a), (4.2b) as well as from
(4.3), there remain derivatives of cluster operators
themselves. In the functional equation (1.15) these
quantities can, however, be reexpressed in terms of
cluster operators by means of the relations (3.14),
(3.15a), (3.15b), i.e. a complete map of the func-
tional elementary fermion derivatives into cluster
operators is possible.

For brevity we demonstrate this possibility only
for a single term of (1.15) which contains the second
order derivative (4.3). In evaluating the cluster
derivatives explicitly we obtain with (4.3)
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i.e. this term is completely transformed into the
cluster representation. In the same way all other
terms of (1.15) can be treated and it is interesting to
note that this can be done unambiguously apart
from certain terms where the special choice of the
transformation will be discussed later on.

Concluding this section we may add: If elemen-
tary fermions would be allowed to also appear in
the functional state | ), then the chain rule (4.2a),
(4.2b) etc. would explicitly depend on the various
numbers of the elementary fermions contained in
the basis states of the expansion (4.1) as can easily
be verified by direct calculation. In this case it
would not be possible to find a state independent
cluster representation of d, and 0, etc. This means:
the possibility of a simultaneous cluster represen-
tation of functional states as well as of the func-
tional equation depends on the fulfillment of the
threshold condition for the non-appearance of
elementary fermions and is consistent with this
condition.

5. Classification of Cluster Interactions

The transformation of the basic equation (1.15)
from the elementary fermion representation into the
bound state cluster representation is accompanied
by a ramification of the original unified fermion
interaction into the various cluster interactions.
Before further analysis of the system is made, it is
convenient to collect these various interactions in a
systematic way. According to Assumption | we have
to expect bb, 11, T1, I, bl, bl and b/I interactions.
Therefore, after the transformation the operator #
of (1.15) can be decomposed into

71, 6,91 = Tob ol ol
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where the various suboperators follow directly from
a rearrangement of the transformed terms of &
Before giving the explicit form of these suboperators
we consider the cluster eigenvalue equations them-
selves. As can be seen by comparison of (3.1) and
(1.11) (and of course by definition) the truncated
Eq. (3.1) is part of (1.11) and thus of (1.15), too.

In the abbreviated notation of (1.15) this part is
given by

H#,1j,J 0, 0):=jy Kup O+ jx Kup Op (5.2)
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and the eigenvalue equation for the boson cluster
C2# can be obtained from (5.2) by projection. It
reads

1/3 Cﬂﬂ +K1ﬂ Cﬂﬂ 1ﬁ 5Fﬁﬁ Cé’

g7 Vz&';'ﬁ Féﬁ Cn b= af’yé Fﬂﬂ’ C;{‘s
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Similar equations can be derived for the fermion
clusters by projection from (5.2). It should, however,
be emphasized that the operator (5.2) does not only
describe the single cluster states but also inter-
actions between several clusters. But this is of no
meaning with respect to the definition of single
cluster states, and as (5.2) is part of (5.1) all many-
cluster interaction terms of (5.2) are automatically
contained in (5.1). The eigenvalue equation (5.3),
however, can be used to simplify some terms of
Hpp, # and 57 in (5.1). In particular, the corre-
sponding terms in 57, are given by the expressions

y/b(l)) \3> = z [Kzﬂ' Cr[:?'ﬁ R;nﬂ + kaﬂ’ C'ffﬁ' RZ’;
nm
Vagrs Fppr CF7 Rty + Vapys Fse C17 REy

Vagys Fgpr Ci° RE 2+ Vagys Fss CiF RY,)
0

by |BD.

o5, &)

After some relabeling the application of (5.3) then
yields
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(5.4)
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if (3.10) is taken into account.

Analogous expressions can be derived for the
fermion and antifermion self-energy expressions
o} and : ,—0,— which for brevity we will not explicitly
discuss here.

Using these simplifications the straight-forward
transformation of (1.15) into the cluster representa-
tion gives the following expressions for the sub-
operators
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The expressions 957-(;- and 2#%r are obtained from )
and 27}, by overlining the fermion quantities.
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The expressions 2#;7... 2 are obtained from
#4) ... #7) by overlining the fermion quantities.
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These terms will be evaluated in detail in the fol-
lowing sections.

6. Two-Fermion Cluster Wave Functions

The two-fermion sector of (3.1) was studied in
[11]. Although the analytic expressions for the
spinorial wave functions of the two-fermion clusters
were not explicitly given in this paper, some general
properties of the corresponding eigenvalue equa-
tions were derived which are useful for the deter-
mination of the wave functions themselves and
which we will apply here.

The cluster wave functions C¥* of Eq. (3.8) read
in the full notation

¥ 5 ror
C,,“" E(ﬂ\"t) (r’ ;, k)= ei’k('+ﬂ)1/21,(,i)(r—;’lk) (6.1)
A x

where r, / are the auxiliary field indices, o, £ the
spinorial indices, () the positive and negative class
indices, and v the internal cluster state quantum
number. The equations for the determination of
such states are formally given by (5.3). For practical
calculations as well as for theoretical investigations
it 1s, however, convenient to perform an orthogonal
transformation of the sources with respect to the
auxiliary fields. In the following only these auxiliary
field indices are used, all other indices are omitted
for brevity. The transformation reads [11]

jl=Q@)720e+j1: o=@ G+ (6.2)

P=@RR—j; = QG )

and induces the following transformation for (6.1)

p!! I T S AR
2l 111 -1 1 -1 pre
1 ¢
o272\ 1 -1 =1 | g (6.3)
= 1 -1 =1 1/ \¢m

The norm of a cluster state |a) can be expressed in
terms of left-hand and right-hand solutions ¢'* and
¢'* of Egs. (5.3) and is given by [11]
<CI a> = Zoik (pik . (64)

ik
This expression must be invariant under orthogonal

transformations of the sources. As the transforma-
tion matrix of (6.3) is also orthogonal, from this
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invariance it follows that

gl I 1 1 1 Gee
o | T [1 =1 1 =1}|fére
a2 =7\ 1 1 -1 -1 )\ e (6.5)
o2 1 -1 =1 W \se

For the further evaluation it was shown in [11]
that symmetry combinations must be introduced in
order to obtain total antisymmetric wave functions.
The transition to symmetry combinations can be
achieved by means of a further orthogonal trans-
formation

a=Q) g+ p%); pit=(2) P la+);

s =@ (92— 9%); ¢%*=(2)""(a-s) (6.6
and

a=(2)2(a10+ go1); g0 = (2)"V2(x + 0);
o=(2)""2(g% - 0%); ¢%*=(2)""(x—0). (6.7)

According to [11] a unique and selfconsistent solu-
tion of the corresponding equations can only be
obtained by putting s= ¢ = 0. With these condi-
tions and the abbreviated notation

0= (pQQ; 0= G-QQ;
;mi=a;, o0=0;
¢3:= % 03i=0; (6.8)
the norm expression (6.4) goes over into
(alay=3 aig;. (6.9)
i=1

By a more detailed investigation of the correspond-
ing equations in [11] it can further be demonstrated
that in the case of very large elementary fermion
masses very simple approximate solutions can be
derived. In particular with

m:=m+my, Am:=my—my;, n:=m/Am (6.10)

we obtain in this approximation

pr=—np, 03=—3n03;

m=1m0; a=310 (6.11)
and

a3 =gy . (6.12)
Substitution of (6.11) and (6.12) in (6.9) yields

{alay=3nt o500 =3 n* ot 0, (6.13)

i.e. @) can be normalized to unity as ¢ ¢, and
7> 0.

We thus assume ¢, =./,¢@ where ¢ is nor-
malized to unity and obtain .#,=(3)""? ! and
{alay=1.

All these relations can be substituted into (6.3)
and (6.5) so that we finally obtain

(prr' = Urr’ (ﬁl’ a.rr’ — Srr' @T (614)
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1 /. PR
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where the difference between U and S comes from
the difference between right-hand and left-hand
solutions.

After having done these transformations and
approximations, only the wave functions ¢, =
@) (r, 7 |k) need to be determined. The corre-
sponding equation is given in [11] by formula (3.21).
A detailed investigation of of equation (3.21) is in
preparation. Up to now only a corresponding scalar
equation was studied in [11]. The results are: yx(0)
must be finite and y(r) is approximately given by
exp{— m |r|} for bound states.

Due to our threshold condition we are interested
in bound state solutions of [11] (3.21) only, as all
scattering state solutions contain elementary fer-
mions and drop out below the threshold of ele-
mentary fermion production. We thus assume in
accordance with Assumption 1:

Assumption 2: There are two bound state solutions
of positive and negative class, respectively, which
belong to positive and negative energies of the same
scalar boson. Their wave functions are given by

PR k)= O Ry o (e =) (6.17)

with
2o(r) = @m)¥2 ¥4 gzt r (6.18)

and y,; an antisymmetric spin tensor.
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In this rough approximation the choice of a
Gaussian internal wave function (6.18) instead of a
hydrogen-like wave function is dictated only by the
intention to simplify the subsequent calculations as
much as possible. Similar results can be obtained
with hydrogen-like wave functions. Furthermore, it
is assumed that the internal wave function does not
depend on k. This, of course, is also an approxima-
tion which can be justified only in a low energy
range. A further study of [11] (3.21) shows that our
results are not qualitatively changed by the im-
provement of these wave functions.

Finally, we shortly discuss Rl,. For the deter-
mination of R}, in principle Egs. (3.10) must be
used. The direct construction of such a dual system
which satisfies (3.10) can be performed by Schmidt’s
orthogonalization procedure. In our case the appli-
cation of this procedure is considerably simplified if
the threshold condition is taken into account.

We decompose the set {Cy"} into the subsets of
bound boson states and of elementary fermion
scattering states

) E eyl
o et U A R P (r,r' | k), v+ 0},
x
(6.19)
where on account of the preceding discussion we
have
iy r’,
loy” (r,r' | k)|
x f
_— {(,(i)ik(r+r')1/2 err’ ZO(’,_ 7{,/). \v/k € R3} .
- §

(6.20)

As was shown in the preceding section, for the
transformation of the basic functional equation
(1.15) into a cluster representation the full set (6.19)
is needed. This, however, is only a formal pre-
scription. The set of states {Cy"} is always connected
with the corresponding boson cluster operators b, or
0/0b,, respectively, where the corresponding energies
E,(n) = Ey[(£), v, k] are for v=+ 0 larger than the
threshold energy Ey,, = m. Thus we may expect that
for any total energy smaller than this threshold
energy the operators b, and 0/0b, for all n=
[(£),v, k] with v+ 0 can be suppressed from the
beginning. This will be justified in Section 8. Taking
this for granted we need only to work with the
subset (6.20).

The same considerations can be performed for
the dual set {R]},.|. We perform the decomposition

sk P i 2 o
(RIS =1 (rr k) w o® (r,r k), v+ 0}, (6.21)
x f x f

where the first subset is the dual subset of the set
(6.20) etc. The set is also fully needed for the trans-
formation of Eq. (1.15) into a cluster representation.
Then, independent of the special form of the wave
functions of the dual set (6.21), the same arguments
hold for the dual set as where given for the original
set. Therefore all states (and corresponding opera-
tors) with n=[(x),v, k], v+ 0 can be suppressed
from the beginning and we really need only to
consider the bound state subset of (6.21).

The omission of the subset for v+ 0 by physical
reasons is consistent with Schmidt’s orthogonaliza-
tion procedure. According to this procedure it is
possible to first construct any arbitrary subspace of
the total dual space and afterwards to complete the
orthogonalization in the complement of this sub-
space. Thus we need only to explicitly construct the
dual space ‘for the set (6.20) which is by definition
[Qgi’(;-,;r;’ k)} while the remaining states can be

b
ignored although they are formally used in the
expansion. The explicit construction of the dual
subspace for the subset (6.20) can be easily per-
formed if Assumption 2 is observed. According to
this assumption the center of mass motion and the
internal motion of the cluster can be separated in
the original set (6.20). In consequence of this it is
possible to also treat both these parts separately in
the dual set. As far as the center of mass motion is
concerned we shall apply the formalism of Hage-
dorn [89] for the construction of a dual set. With
respect to the internal motion we proceed in analogy
to the norm expression. We separate the auxiliary
fields from the internal motion, so that finally only
the dual state for yq(r, ;’) is needed. Without any
a

loss of generality this dual state can be assumed to
be y(r,¥)*. We thus obtain for the dual bound
x1 p

state subset
rr
057 (r.r' k)
x f
= :(i) (J)(k) 6,(‘t)ik(r-t'r’)l/Z Srr' Zo(r_ r’)*}, (622)
x f

where the factor = w(k) in front of these wave
functions arises from the construction of a complete
set of orthonormalized plane waves for pointlike
bosons of positive and negative class, while the
factor S™ is taken in analogy to the physical scalar
products. All other functions of the complete dual
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set which in particular are required for the ful-
fillment of the completeness relation are contained
in the complementary set and need no explicit con-
struction. Applying Hagedorn’s formulae it can
easily be proved that (6.22) is really the dual
subspace of (6.20).

7. Three-Fermion Cluster Wave Function

The derivation of the three-fermion wave func-
tions runs along the same lines as in the two-
fermion case. Hence we can give an abridged
version referring to Section 6.

Introducing the Jacobi coordinates

=1(r+r+r’);

x=(r-r);, u=r—1(r-r’)

(7.1)

we can write the three-fermion wave functions as
follows

T S X P P
= on T, 1| g)= gttt rmIs wEeg 02

where r, r/, ¥’ are the auxiliary field indices, a, £, y
the spinor indices and v the internal cluster state
quantum number. The corresponding equations
which can be obtained from (3.1) by projection
were derived by Hailer [90] and will not explicitly
be given here.

The source transformation (6.2) induces the trans-
formation

(7.3)
ot 11 1 1 1 1 1) (¢
1 -1 1 =1 1 -1 1-—1]]¢e
12 1 =1 =1 1 1 =1 —1]]¢
122 I -1 -1 1 1 -1-1 1}]¢*

211

RRJ|

=

-1 1 -1 -1 1-1 1f]ee
I -1 =1 =1 =1 1 1] ]¢
-1 -1 1 -1 1 1 =1)p

212

1
1
1
1
1 1 1 1-1-1-1-1]]é*
1
1
1

959

for the various auxiliary field components of (7.2).
As in Sect. 6 only these indices are noted explicitly.
The norm of a three-fermion cluster state |f ) is
analogous to (6.4) given by
Ify=2 o™ g™ (7.4)
ijk
and the left-hand solution components {¢'*/} trans-
form with the same transformation law (7.3) as the
right-hand solution components {¢'*/} do.

As in the two-fermion case also in the three-
fermion case the unique solution of the eigenvalue
equation requires the introduction of symmetry
combinations. In these combinations the functions

o= @Q/Q i = s,
= (2;99/. ;_-é = (/‘)19/;
3= @ZQQ ;_-3 = @'/.ZQ (75)

participate. Hailer [90] has given two combinations

ay=3(1+2+2), aa=+Qz—2-12), (7.6)

which are symmetry adapted, and the same holds
for the {z;}. These relations can be supplied by a
third relation which need not be given here explicit-
ly and which provide an orthogonal transformation

(7.7)

a;=0y 2, a;= Oy zg

so that

zi=Opax; zi= O ai (7.8)

holds. Only the total antisymmetric expressions a,
and aj are nonvanishing, while a; =a;=a3;=a5=0
is required for a unique solution. This means

;=0 ay; zi=0; aj. (7.9)

The same considerations hold for the components of
the left-hand solutions, where we denote the sym-
metry adapted combinations by «; and «f. With the
abbreviations

o= (‘pQQQ: o= O—QQQ;

0= Ay, 0y =0,

pyi=ais o=

0y 1= PIL,  gyi= gt (7.10)
the norm expression (7.4) goes over into

f f>=i10,-w,- (7.11)

and the corresponding equations are now equations
for the determination of {¢;} or {g;} respectively.

As in the two-fermion case also in the three-
fermion case an approximation for large elementary
fermion masses is possible. Without going into
detail we give the result of this approximation

Pr=—nN¢s 03 = — 1 04,
¢3=%U2¢1~ 02=%'7204l
m=—3r0; o=—3r0 (7.13)
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and
Os= Q1. (7.13)

Substitution of (7.12) and (7.13) into (7.11) yields
forn <0

S fy=—12cs01=— 1207 ¢} 0,

=12\ ,2 5 G =1, (7.14)
where @, is normalized to unity. Thus .7, must take
the value .7, = 12712 | |72,

All these relations can be substituted into (7.3)
and the corresponding equation for the {¢'/*} and
yield

g =UTT G o =8 G (1.15)
with the abbreviation = 5 :
' ,7—3/2 — ,,»1/2 +%,7|/2 _%”3/:
U2 ,7~3/2 _%’7—1/2 _%,71/2 +%”3/2
U2 n32 _% 12— % n'’2 +% 3/2
U2 =L ,7—3/2 +%}7—1/2 _%”1/2 _%”3/2
2 46 - % LI S s % 32
U2 ,7—3/2 +% ,7—1/2 = % ”1/2 = % ,73/2
212 ,7—3/2 +% ”—1/2 _ % ”1/2 _ % ”3/2
U222 ,7»3/2 + ,7—1/2 S % ”1/2 +%”3/2
o (7.16)
il _2”3/2 +3 ICE [ R
Sz __,73/2 +%”1/2 +%,7—1/2 ”—3/2
sh2 _%,73/2 +%”1/2 +l§”»1/2 _ ,7—3/2
S122 =L 2 32 _% 172 +%W_l/2 £ ,7—3/2
S21 46 9 32 +% 12 4 % poi2 = g
S22 _% 2 - % ,71/2 iy l§ ,7-1/2 + 5732
S22 _%”3/* _% 172 +%'I_”2 + 732
$§222 _% ,7312 -3 172 _ ,7—|/2 _ ,7—3/:
(7.17)
After having done these transformations and

approximations, only the wave functions ¢, =
¢, (r,r, " q) need to be determined. According to
x By

Assumption 1 for v=0 we have a bound state of
elementary fermions, while for v+ 0 all states are
scattering states of these elementary fermions.
Detailed investigations of the corresponding wave
equation are in preparation. At present, however,
we must guess the results. By analogous reasoning to
the two-fermion case we here make the following
assumption:

Assumption 3: The three-fermion bound state
wave functions are given by

oro(nr. r1q) =™ gy, o(ew)  (718)

with 7 = spin direction index and with
yo(x,u) = Qm)} 32 =M E gmymu® (7 19)

where 54, transforms isomorphic to a spin 1/2
spinor wave function . (g).

For the antifermion cluster function {C2%¢} the
same considerations can be applied and therefore
need not be given explicitly.

As far as the construction of the dual state
systems {RY%,} or {R%y.} is concerned, all arguments
given for the two-fermion case can literally be taken
over if the term “bound boson states” is replaced by
“bound three fermion states” etc. Thus these argu-
ments also need not be repeated here. We give only
the result. The physical relevant subset of dual three
fermion bound states reads

loo(r,r'.r" 1 q)]
x By
= jfg-tha grrr Zo(xbu 1q),Yqe Rt} (71.20)
afy
while the original set is defined by
oo (r,r. r"1q)]
x By
= eV go(x,ui19), Vg € R1}, (121)

where the definitions (7.16), (7.17) etc. have to be
observed.



