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Unified nonlinear spinor field models are selfregularizing quan tum field theories in which all 
observable (elementary and non-elementary) particles are assumed to be bound states of 
fermionic preon fields. Due to their large masses the preons themselves are confined. In 
preceding papers a functional energy representation, the statistical interpretat ion and the 
dynamical equations were derived. In this paper the dynamics of composite particles is discussed. 
The composite particles are defined to be eigensolutions of the diagonal part of the energy 
representation. Corresponding calculations are in preparat ion, bu t in the present paper a suitable 
composite particle spectrum is assumed. It consists of preon-ant ipreon boson states and three-
preon-fermion states with corresponding ant i fermions and contains bound states as well as preon 
scattering states. The state functional is expanded in terms of these composite particle states with 
inclusion of preon scattering states. The t ransformat ion of the functional energy representat ion of 
the spinor field into composite particle functional operators produces a hierarchy of effective 
interactions at the composite particle level, the leading terms of which are identical with the 
functional energy representation of a phenomenological boson-fermion coupling theory. This 
representation is valid as long as the processes are assumed to be below the energetic threshold for 
preon production or preon break-up reactions, respectively. F rom this it can be concluded that 
below the threshold the effective interactions of composite particles in a unif ied spinor field 
model lead to phenomenological coupling theories which depend in their propert ies on the 
bound state spectrum of the self-regularizing spinor theory. 

PACS 11.10 Field theory 
PACS 12.35 Composite Models of Particles 

4. O u s t e r Functional Derivat ives 

In t h e p r e c e d i n g s e c t i o n w e d i s c u s s e d t h e t r u n c a t -
ed func t i ona l e q u a t i o n (3.1) w i th r e s p e c t t o t h e 
d e f i n i t i o n of single c l u s t e r s ta tes . If t h e d y n a m i c s o f 
cluster in te rac t ions is t o b e c o n s i d e r e d w e n e e d t h e 
c o m p l e t e func t iona l e q u a t i o n (1.11) o r (1 .15 ) , re -
spect ively, of ou r H D N S F m o d e l in t h e e n e r g y 
r ep resen ta t ion . A c c o r d i n g to o u r p r o g r a m w e t r a n s -
f o r m no t only t he s t a tes b u t a l so t h i s e q u a t i o n i n t o a 
c luster r ep re sen ta t ion . In d o i n g so t h e s o u r c e s t h e m -
selves as well as t h e i r d e r i v a t i v e s h a v e t o b e 
expressed in t e rms o f c l u s t e r o p e r a t o r s . F o r t h e 
sources t he c o r r e s p o n d i n g f o r m u l a e a r e g i v e n b y 
(3.14), (3.15 a) , (3.15 b ) . W e will e x p r e s s t h e d e r i v a -
tives in t e r m s of c lus te r d e r i v a t i v e s in t h i s s e c t i o n b y 
m e a n s of t he cha in ru l e . W e a s s u m e t h a t a f u n c -
t ional s ta te 5 ) of Eq . (1 .15) is r e p r e s e n t e d b y 
(3.17). T h e n we h a v e t o d e s c r i b e t h e e f f e c t o f o n e , 

* References see Part I, 40 a, 14 (1985). 
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Theoretische Physik der Universität Tübingen, Auf der 
Morgenstelle 14, D-7400 Tübingen. 

t w o or t h r ee f u n c t i o n a l d e r i v a t i v e s ds, dsdt, dsd,du 

etc. on 5 ) by m e a n s o f c lus te r o p e r a t o r s . In o r d e r 
to d o this we s u b s t i t u t e (3.8) , (3.9 a ) , (3 .9 b ) i n t o 
(3.17). Th i s gives 

5>= X c(n]...nN,ql...qK,wl...wL\a) 
NKL 
. Ci'ii T rums; 7 

n\ Jui Jv\ • • • nN JuNJvN 

' Cq{ hjri jSl jh • • • Cqt S" 'kjrk jsk jtk (4-1) • Q C i L J b , Ä . • • v a L jbL JCLIo>. 

If we n o w obse rve t h e s y m m e t r y p r o p e r t i e s o f 
c{n| ... nN, qx... qK, w, ... wL a) as wel l as t h e a n t i -
s y m m e t r y of t he c lus te r w a v e f u n c t i o n s o c c u r r i n g in 
(4.1), t h e n one can v e r i f y b y a s t r a i g h t - f o r w a r d 
ca lcu la t ion tha t 

^ = X (ds bn) ~ \ g > + X (<5, \ S > , ( 4 . 2 a ) 
bb n q b l q 

Ö Ö 
d s 3 > = S K ) — \ g > + I (d s Tw) - j - j g > , (4 .2 b ) 

n dbn w Olw 

i.e. t h e cha in ru le ho lds . 
A long the s a m e l ines o n e c a n t r a n s f o r m t h e 

second o r d e r de r iva t ives , etc. F o r e x a m p l e , w e still 
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write down a second order derivative explicitly 

b ö 
<U %> = -I,(dsbH)(dtbH.) — — 

nn' Ob„> 0bn 

"Z {dsbn){d,lq)~^-
nq' Olq' Öbn 

+ Z {d,dslq)-j- g> 
q Olq 

+ Z & lq) (dt bn) - j r -J7- \ 5 ) 
qn dbn 6lq 

+ Z ^ W ^ ^ t t t t &>• 
QQ' V'Q' 0LQ 

(4.3) 

As one can see from (4.2a), (4.2b) as well as from 
(4.3), there remain derivatives of cluster operators 
themselves. In the functional equation (1.15) these 
quantities can, however, be reexpressed in terms of 
cluster operators by means of the relations (3.14), 
(3.15a), (3.15b), i.e. a complete map of the func-
tional elementary fermion derivatives into cluster 
operators is possible. 

For brevity we demonstrate this possibility only 
for a single term of (1.15) which contains the second 
order derivative (4.3). In evaluating the cluster 
derivatives explicitly we obtain with (4.3) 

Kßyö h Fyy'jy dßds 5> 

= KßyS./y Fyy'jy Z. _ . _ <5 b 
C ' / rß» j n Jr n Ju ? , CL ob„' bb„ 

- L c ^ L s c f j j , ^ - ^ -
nq Olq 0bn 

+ Z 6Cq5° ju~rj-
q blq 

Z s. a ~ 3 b 
3Cdur i i Cßs i J Ju Jr ^n Js c l i I qn °bn Olq 

qq' <>lq' Olq 

and with (3.14), (3.15 a), (3.15 b) this gives 

Kßyöj\Fr/jydßdö 3> 

(4.4) 

KßysF. r / - Z Cnl c£'u R/u bm bm> —— — obn. bbn n n 
m m' 

+ Z 3 C « " r eg' Rl'./U R?s If bm —— -j— 
nm dbn 0lq 
11' 

+ Y 3Cöul 3Cß'sl RP , RP' / — — 
qq1 °lq' Olq 
PP' 

s s 
Zf i i "3 f ßst nm nq' l i ______ 

n t I\y' s t Um lq' blq bbn m n 
Ii' 

+ Z 6 CS5"Rq;y'ulq'i 
11 bin 

(4.5) 

i.e. this term is completely t ransformed into the 
cluster representation. In the same way all other 
terms of (1.15) can be treated and it is interesting to 
note that this can be done unambiguously apart 
from certain terms where the special choice of the 
transformation will be discussed later on. 

Concluding this section we may add: If elemen-
tary fermions would be allowed to also appear in 
the functional state then the chain rule (4.2 a), 
(4.2b) etc. would explicitly depend on the various 
numbers of the elementary fermions contained in 
the basis states of the expansion (4.1) as can easily 
be verified by direct calculation. In this case it 
would not be possible to find a state independent 
cluster representation of ds and ds etc. This means: 
the possibility of a simultaneous cluster represen-
tation of functional states as well as of the func-
tional equation depends on the fulfi l lment of the 
threshold condition for the non-appearance of 
elementary fermions and is consistent with this 
condition. 

5. Classification of Cluster Interactions 

The transformation of the basic equation (1.15) 
from the elementary fermion representation into the 
bound state cluster representation is accompanied 
by a ramification of the original unified fermion 
interaction into the various cluster interactions. 
Before further analysis of the system is made, it is 
convenient to collect these various interactions in a 
systematic way. According to Assumption 1 we have 
to expect bb, II, TT, U, bl, M and bIT interactions. 
Therefore, after the transformation the operator 
of (1.15) can be decomposed into 

d, = ^ 
- b b b 

b, I, I, —. - , —T 
bb bl bl 

(5.1) 

— ib II +3^11 II bl bl 'blT> 
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where the various suboperators follow directly from 
a rearrangement of the transformed terms of 
Before giving the explicit form of these suboperators 
we consider the cluster eigenvalue equations them-
selves. As can be seen by comparison of (3.1) and 
(1.11) (and of course by definition) the truncated 
Eq. (3.1) is part of (1.11) and thus of (1.15), too. 

In the abbreviated notation of (1.15) this part is 
given by 

\j,l d, d] :=A K,xß dp +U dp (5.2) 

+ Kßyöj* [Fyy'jy' dp d6 - Fd8-js• dp dy - Fpp>jp• Ö., ds] 

+ Kßyö h [Fyy'jy' dp d5 - Föö>jö. dp dy - Fß[r jß- dy ds] 

and the eigenvalue equation for the boson cluster 
can be obtained from (5.2) by projection. It 

reads 

K*ß' Cnß + F^iß' Cnß ~ Kß'yö Fp'p C*y 

+ Kö'yö Fsß C*' - V^p'ys Fpp' Clh 

+ Kö'yö Föß QÖ = Ebn 

Similar equations can be derived for the fermion 
clusters by projection from (5.2). It should, however, 
be emphasized that the operator (5.2) does not only 
describe the single cluster states but also inter-
actions between several clusters. But this is of no 
meaning with respect to the definition of single 
cluster states, and as (5.2) is part of (5.1) all many-
cluster interaction terms of (5.2) are automatically 
contained in (5.1). The eigenvalue equation (5.3), 
however, can be used to simplify some terms of 
3fbb, and SCJt i n (5-1). In particular, the corre-
sponding terms m 2 f b b are given by the expressions 

m - = i [K,r e r Kß+Kaß. eg" R^ 
n m 

- Kßyö Fßß' Cr R™ß' + Kßyö föö' Cn' R™ö' 

~ Kßyö Fßß' Cn8 Rß'v. + Kßyö Föö' C nß Rf'a] 

' b m J b n
 5 > ' ( 5 > 4 ) 

After some relabeling the application of (5.3) then 
yields 

S> = X E b
n c ^ R 7 ß b m ~ 5> 

db„ 

ob„ 
(5.5) 

if (3.10) is taken into account. 
Analogous expressions can be derived for the 

fermion and antifermion self-energy expressions 
Zffi and which for brevity we will not explicitly 
discuss here. 

Using these simplifications the straight-forward 
transformation of (1.15) into the cluster representa-
tion gives the following expressions for the sub-
operators 

5 1 

<#bb ~ L bb , <"11—2-, <*ll » 
A = 0 

1 
<#11 - 2-* <#n> 

k=0 
5 

<#bl ~ 2—, <#bl. 
k= I 

k=0 
5 

is/? V /y/> k . 
'#bl - 2-, bl • 

K= I 
3 

-W V1
 y/? 

<#bll— 2^ <#bll 
k= 1 

with 

ob„ 
( j . j ) ^»l . V 1/ F r'öi fßu pm Dm' <#bb-~ 2-, Vißyöfyy'^n v Ky' u 

n n 
m m' 

Ö Ö 
' bm bm> — + 5 similar terms; 

db„' dbn 

<^2 . V i/ i fuy f ß z pm pm' <#bb •— ~ 2-, vißyö kOLV 

(5.6) 

(5.7) 

(5.8) 

nn n 
mm' 

b m b m , ± A L 
Öb„ öb„' öb„» 

+ 1 similar term; (5.9) 

X V,ßyöCd
n-CH' - — öbn> öbn 

+ 3 similar terms; 

<#bb X Kßyö FßP' Fyy' C'r 15 R% r, RT v' 

(5.10) 

Ö 
ß' ÖL y' um UM' ^^ 

run m H 

+ 5 similar terms; (5.11) 

•#bb X Kßyö Fßß' Fyy' Fss' RIß' Ry'ö' b,bn 

+ 1 similar term; 

: = I E i l , - ' , 
q Ulq 

PP' 

<7 

lp p'Slq, dlq 

(5.12) 

(5.13) 

(5.14) 
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The expressions and are obtained from ^ f ) 
and by overlining the fermion quantities. 

^bl : = Z Kßyö Cii' 3 C f ' R%uv lq> — — 
nqq' Ölq Öbn 

+ 1 similar term; (5.15) 

+ Z Kßyö 6 C f « C'n' R t l q , - f ; 
nqq' Olq 0bn 

5 
: = X KßyöFyy' F&ö' 3 C f ' Ry'st bmlq'~~ 

mqq' O'q 

+ 2 similar terms; (5.16) 

'•= ~ Z Kßyö Fyy' 3 C f R™v R%st 

ö ö 
• bm /„< — — - — h 5 similar terms; (5.17) 

blq dbn 

*ti '= Z Vxfi7i3 C>"r C'H'C&* Rj'u, R?a 
nn'm 
Ii' 

ö ö Ö 
•lq'bm —— — — + 1 similar te rm; (5.18) 

5bn. obn olq 

^b5, •= - Z Kßyö 3 Cj" CJ ' 3 C f 6 ^ „ 

W' 

ab 

' ' <$/, <5/, <56„' 
(5.19) 

The expressions are obtained from 
... by overlining the fermion quantities. 

Wb\j'-= Z Kßyö6Cßö' 3 e r R?s 
mm 
qw ö Ö 

^ ^ ' 7 7 7 7 + 1 similar te rm; (5.20) 
olw dlq 

y'bll '•- Z Kßyö Cn' 3 C£ab 3 Cjju- Rq
yuz R"at nqq 

ww' 
ö ö Ö 

• V T T TT T T + 3 similar terms; (5.21) 
di, ÖL öb„ 

*tfiT-= Z V > ß y 5 3 C q
ö u l ' 3 C r b 3 C } s 

mm 
11'1" M' (5 ö Ö 

• R$ul- Ras Rbt lq" bm' — ~Tj- (5.22) 

+ 1 similar term; 
**iT :=-Z KßyöFw3Cq

6s'3Cri R<(slR$:ui. 
11 ww' 

Ö Ö 
lq. TW' —=- —— + 3 similar terms. (5.23) 

olw olq 

These terms will be evaluated in detail in the fol-
lowing sections. 

6. Two-Fermion Cluster Wave Functions 

The two-fermion sector of (3.1) was studied in 
[11]. Although the analytic expressions for the 
spinorial wave functions of the two-fermion clusters 
were not explicitly given in this paper, some general 
properties of the corresponding eigenvalue equa-
tions were derived which are useful for the deter-
mination of the wave functions themselves and 
which we will apply here. 

The cluster wave functions C„"r of Eq. (3.8) read 
in the full notation 

C „ " ' ( r > k)=e±ik{r+')U2/i±\r-r'\k) (6.1) 
i ß Z ß 

where r, r' are the auxiliary field indices, a, ß the 
spinorial indices, ( ± ) the positive and negative class 
indices, and v the internal cluster state quan tum 
number. The equations for the determination of 
such states are formally given by (5.3). For practical 
calculations as well as for theoretical investigations 
it is, however, convenient to perform an orthogonal 
transformation of the sources with respect to the 
auxiliary fields. In the following only these auxiliary 
field indices are used, all other indices are omitted 
for brevity. The transformation reads [11] 

/' = (iym{jQ+jx)\ je= ( 2 ) - 1 / 2 c / ' + f y , (6.2) 

j2 = (2)_l /2(/ 'e—y'*); ß = (2rmUl~j2) 

and induces the following transformation for (6.1) 

1 1 
1 -1 1 

1 - 1 - 1 

(6.3) 

The norm of a cluster state a ) can be expressed in 
terms of left-hand and right-hand solutions a ' k and 
(p'k of Eqs. (5.3) and is given by [11] 

(a a) = Z °ik <Pik • 
ik 

(6.4) 

This expression must be invariant under orthogonal 
transformations of the sources. As the transforma-
tion matrix of (6.3) is also orthogonal, from this 
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invariance it follows that 

/ a " \ I / ->i 1 l a 1 U12 
\ a22/ * \ a22/ 

1 1 i W f f M 
- 1 1 - 1 j 

1 - 1 - 1 I l f fW 
-1 -1 1/ \&xx 

(6.5) 

For the further evaluation it was shown in [11] 
that symmetry combinations must be introduced in 
order to obtain total antisymmetric wave functions. 
The transition to symmetry combinations can be 
achieved by means of a further orthogonal trans-
formation 

a = (2)~vl((pXQ + (pQ*)\ <piQ = (2)~1/2 (a + s)\ 

s = (2) - 1 / 2 p M = ( 2 ) - , / 2 ( a - j ) (6.6) 

and 

a = (2)"1/2 (axe + axe = (2) - 1 / 2 ( a + a); 

(T= (2)-1/2 ( f f « - a « * ) ; ff^=(2)-'/2(a-ff). (6.7) 
According to [11] a unique and selfconsistent solu-
tion of the corresponding equations can only be 
obtained by putting s = a = 0. With these condi-
tions and the abbreviated notation 

(p\\=(pQQ\ ff,:=ffM; 

(fa :=a; o2:— a; 
: = ff3 := cr**; 

the norm expression (6.4) goes over into 

(6.8) 

(a! a) = X er, (Pi • (6.9) 

By a more detailed investigation of the correspond-
ing equations in [11] it can further be demonstrated 
that in the case of very large elementary fermion 
masses very simple approximate solutions can be 
derived. In particular with 

m : = w 1 + m 2 ; Am := m2 — mx\ r] := ml Am (6.10) 

we obtain in this approximation 

9i = -19\\ o2 = ~jriay, 

and 
<Pi = j rj2 <pi; ff, - 1 rj2 ff3 (6.11) 

(6.12) 

Substitution of (6.11) and (6.12) in (6.9) yields 

{ a ' d ) = \r]2 (p\ (px (6.13) 

i.e. a ) can be normalized to unity as <p\ cpx and 
rj2 > 0. 

We thus assume <p\=^,<p\ where <p\ is nor-
malized to unity and obtain = (y)~1/2 rj~] and 

All these relations can be substituted into (6.3) 
and (6.5) so that we finally obtain 

= Urr' <px; arr' = Srr' (p\ 

with 

(6.14) 

(6.15) 

and 

' rj - 1/2 + 2 r f 1 

rj -2rj'x 

rj - I n (6.16) 

where the difference between U and S comes from 
the difference between right-hand and left-hand 
solutions. 

After having done these transformations and 
approximations, only the wave functions <px = 
(p\~l (r, r' k) need to be determined. The corre-
sponding equation is given in [11] by formula (3.21). 
A detailed investigation of of equation (3.21) is in 
preparation. Up to now only a corresponding scalar 
equation was studied in [11]. The results are: / ( 0 ) 
must be finite and x(r) is approximately given by 
exp j - m r j for bound states. 

Due to our threshold condition we are interested 
in bound state solutions of [11] (3.21) only, as all 
scattering state solutions contain elementary fer-
mions and drop out below the threshold of ele-
mentary fermion production. We thus assume in 
accordance with Assumption 1: 

Assumption 2: There are two bound state solutions 
of positive and negative class, respectively, which 
belong to positive and negative energies of the same 
scalar boson. Their wave functions are given by 

' ' I k) = e W W - ' / 2
X j L ß Xo (r - O (6.17) 

a ß 

with 

Zo(r) = (2m)3/2
 7 Z - 3 / 4 e ' ^ ™ 2 ' 2 (6.18) 

and Xiß an antisymmetric spin tensor. 
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In this rough approximation the choice of a 
Gaussian internal wave function (6.18) instead of a 
hydrogen-like wave function is dictated only by the 
intention to simplify the subsequent calculations as 
much as possible. Similar results can be obtained 
with hydrogen-like wave functions. Furthermore, it 
is assumed that the internal wave function does not 
depend on k. This, of course, is also an approxima-
tion which can be justified only in a low energy 
range. A further study of [11] (3.21) shows that our 
results are not qualitatively changed by the im-
provement of these wave functions. 

Finally, we shortly discuss For the deter-
mination of R"ul. in principle Eqs. (3.10) must be 
used. The direct construction of such a dual system 
which satisfies (3.10) can be performed by Schmidt's 
orthogonalization procedure. In our case the appli-
cation of this procedure is considerably simplified if 
the threshold condition is taken into account. 

We decompose the set {CH1'} into the subsets of 
bound boson states and of elementary fermion 
scattering states 

IQ' '} = (r, r' k)} u {#> (r, r ' k), v * 0}, 
a ß i ß 

(6.19) 
where on account of the preceding discussion we 
have 

W^ir'r' k)\ (6.20) 
a ß 

= {e(±),k{r+r')U2Urr' /0(r-r'), Wk e R3}. 
a li 

As was shown in the preceding section, for the 
transformation of the basic functional equation 
(1.15) into a cluster representation the full set (6.19) 
is needed. This, however, is only a formal pre-
scription. The set of states {C^' J is always connected 
with the corresponding boson cluster operators bn or 
Ö/Öbn, respectively, where the corresponding energies 
Eh(n) = Eh [(±), v. k] are for v + 0 larger than the 
threshold energy £ t h r = m. Thus we may expect that 
for any total energy smaller than this threshold 
energy the operators bn and ö/öbn for all n = 
[(±), v, k] with r =t= 0 can be suppressed from the 
beginning. This will be justified in Section 8. Taking 
this for granted we need only to work with the 
subset (6.20). 

The same considerations can be performed for 
the dual set {/?,",.}. We perform the decomposition 

iR'!r! = ie l fHr/ r ' k)} u tePUrP * ) , v * 0}, (6.21) 
a ß a ß 

where the First subset is the dual subset of the set 
(6.20) etc. The set is also fully needed for the trans-
formation of Eq. (1.15) into a cluster representation. 
Then, independent of the special form of the wave 
functions of the dual set (6.21), the same arguments 
hold for the dual set as where given for the original 
set. Therefore all states (and corresponding opera-
tors) with n = [(+), v, k], v 4= 0 can be suppressed 
from the beginning and we really need only to 
consider the bound state subset of (6.21). 

The omission of the subset for v =1= 0 by physical 
reasons is consistent with Schmidt's orthogonaliza-
tion procedure. According to this procedure it is 
possible to First construct any arbitrary subspace of 
the total dual space and afterwards to complete the 
orthogonalization in the complement of this sub-
space. Thus we need only to explicitly construct the 
dual space for the set (6.20) which is by definition 

toj)
±)(r,r' k)} while the remaining states can be 

a ß 
ignored although they are formally used in the 
expansion. The explicit construction of the dual 
subspace for the subset (6.20) can be easily per-
formed if Assumption 2 is observed. According to 
this assumption the center of mass motion and the 
internal motion of the cluster can be separated in 
the original set (6.20). In consequence of this it is 
possible to also treat both these parts separately in 
the dual set. As far as the center of mass motion is 
concerned we shall apply the formalism of Hage-
dorn [89] for the construction of a dual set. With 
respect to the internal motion we proceed in analogy 
to the norm expression. We separate the auxiliary 
fields from the internal motion, so that finally only 
the dual state for Zo(r.r ') is needed. Without any 

a ft 

loss of generality this dual state can be assumed to 
be y 0 ( r , W e thus obtain for the dual bound ' a ß 
state subset 

{Q{?(ry k)} 
a ß 

= {( + ) CO (*) e(±)' 1/2 srr' Xo(r ~ r')+}, (6.22) 
* ß 

where the factor ± co(k) in front of these wave 
functions arises from the construction of a complete 
set of orthonormalized plane waves for pointlike 
bosons of positive and negative class, while the 
factor Srr' is taken in analogy to the physical scalar 
products. All other functions of the complete dual 
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set which in particular are required for the ful-
fillment of the completeness relation are contained 
in the complementary set and need no explicit con-
struction. Applying Hagedorn's formulae it can 
easily be proved that (6.22) is really the dual 
subspace of (6.20). 

7. Three-Fermion Cluster Wave Function 

The derivation of the three-fermion wave func-
tions runs along the same lines as in the two-
fermion case. Hence we can give an abridged 
version referring to Section 6. 

Introducing the Jacobi coordinates 

R = } ( r + r ' + *•"); 

x=(r'-r"); u = r - j ( r ' - r " ) (7 .1) 

we can write the three-fermion wave functions as 
follows 

C ^ = ( p v ( r y , r (7.2) 
a ß y *ßv 

where r, r', r" are the auxiliary field indices, a, ß, y 
the spinor indices and v the internal cluster state 
quantum number. The corresponding equations 
which can be obtained from (3.1) by projection 
were derived by Hailer [90] and will not explicitly 
be given here. 

The source transformation (6.2) induces the trans-
formation 

y 1 1 ' 

<p>21 <p>21 

tpl-l 
r " 

r 2 1 

1 

~ 2]/2 

r j ; 

,<p222 

1 1 
1 - 1 

(7.3) 

1 1 1 1 • (pQQe • 
1 - 1 1 - 1 (pQ/.Q 
1 1 - 1 - 1 tpQQ/ 
1 - 1 - 1 1 (pe//-
1 - 1 - 1 - 1 
1 1 1 1 

(p/.QO 
1 l — l 1 
1 - 1 1 1 

(p'/.y.Q 0xex 

1 1 1 - 1 (pxxx 

1 - 1 
- 1 - 1 

1 1 
- 1 1 

1 - 1 
- 1 - 1 

for the various auxiliary field components of (7.2). 
As in Sect. 6 only these indices are noted explicitly. 

The norm of a three-fermion cluster state / ) is 
analogous to (6.4) given by 

(/!/>= Z °ikj <Pikj 

ijk 
(7.4) 

and the left-hand solution components {a l k J} trans-
form with the same transformation law (7.3) as the 
right-hand solution components {(p,kj) do. 

As in the two-fermion case also in the three-
fermion case the unique solution of the eigenvalue 
equation requires the introduction of symmetry 
combinations. In these combinations the functions 

\QXX-z, = (p* 
z2 = (f>/Q/ \ 

-3 = Z3 = q>xn (7.5) 

participate. Hailer [90] has given two combinations 

« i = y (-1 + "2 + z3), "2 = t (2z, - z2 - z 3) , (7.6) 

which are symmetry adapted, and the same holds 
for the {z'j}. These relations can be supplied by a 
third relation which need not be given here explicit-
ly and which provide an orthogonal t ransformation 

at = Oik zk; a', — Oik z'k (7.7) 

so that 

-/ - Oik ak\ z'j-Oikak (7.8) 

holds. Only the total antisymmetric expressions a\ 
and a\ are nonvanishing, while a2 = a'2 = a3 = = 0 
is required for a unique solution. This means 

7-i=On a,; z'j = On a\. (7.9) 

The same considerations hold for the components of 
the left-hand solutions, where we denote the sym-
metry adapted combinations by i \ and i \ . With the 
abbreviations 

= (pQQQ\ = oQQQ 

(p2 = ax\ o2 = Ot,; 

(P3 = a'\\ = a j ; 

= (j)*™', O4 = QXXX 

the norm expression (7.4) goes over into 
4 

</ /> = Z ̂  <p, 

(7.10) 

(7.11) 

and the corresponding equations are now equations 
for the determination of {$?,} or {a,} respectively. 

As in the two-fermion case also in the three-
fermion case an approximation for large elementary 
fermion masses is possible. Without going into 
detail we give the result of this approximation 

<f>i = ->1<PÜ 

<p3 = ii2 <P\; 

= - 1 >73 (p\; 

a3 = - t] er4; 

o2 = \ r ] 2 

9 3 

<*\ = _ 2 1' (7.13) 
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and 
= <P\ • 
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(7.13) 

Substitution of (7.12) and (7.13) into (7.11) yields 
for , < 0 

</ /> = - 12,3<t4<PI = - 12n3 (pt <P\ 

= 12 , 3 = 1, (7-14) 

where ^ is normalized to unity. Thus must take 
the v a l u e 1 2 " 1 / 2 ! , l ' 3 / 2 . 

All these relations can be substituted into (7.3) 
and the corresponding equation for the {o' j k} and 
yield 

(pr/r" = Urr'r <px; orr'r" = Srr'r" <p\ (7.15) 

with the abbreviation , = , : 
• v111 ' 

j/121 

f/112 

um 1 

u2n 4]/6 

t/221 

u212 

u222 

rj- 3/2 1/2 
^-3/2 _ 

-3/2 i 1 -i/"> 
+3 V 

,,-3/2 

;?-3/2 + ^ - 1 / 2 

3/2 + ,~1/2 

+ 1,3/2 

+ ! ' / 3 / 2 

- 1 , 3 / 2 

+ 1,3/2 

_ I „1/2 _ i. „3/2 2 1 

+ hW2 

and 

' S111 

5121 

S" 2 

5122 1 

521l 

S22l 

5212 

5222 

9 3/2 " i r 
9 3/2 — y 

9 3/2 - y r 
9 3/2 — y 

9 3/2 — y 

9 3/2 - y r 
9 3/2 

1 „1/2 

T 
+ 1 ,3 / 2 

(7.16) 
/2 + , 

' 1/2 

-3/2 

3/2 

+ i , " 2 

+ i , ' / 2 

- i , > / 2 

-3/2 

1 „-1/2 

L 1/2 

L v,-1/2 
9 3/2 3 1/2 

+ 7 * 
- f 

+ '7" 

+ rf 

+ '7" 

-3/2 

- , 
(7.17) 

After having done these transformations and 
approximations, only the wave functions <p\ = 
(px v(r, r" </) need to be determined. According to 

' i ß y 

Assumption 1 for v = 0 we have a bound state of 
elementary fermions, while for v 4= 0 all states are 
scattering states of these elementary fermions. 
Detailed investigations of the corresponding wave 
equation are in preparation. At present, however, 
we must guess the results. By analogous reasoning to 
the two-fermion case we here make the following 
assumption: 

Assumption 3: The three-fermion bound state 
wave functions are given by 

<pl0(ry,r" tq) = eiR"X^yXo(x,u) 
* ß y 

with t = spin direction index and with 

XQ (X, U) := (2m)3 N " 3 / 2 e~ i m*x* e~? m2"2 

(7.18) 

, (7.19) 

where yjtßy transforms isomorphic to a spin 1/2 
spinor wave function ip^(g). 

For the antifermion cluster function {C"bc} the 
same considerations can be applied and therefore 
need not be given explicitly. 

As far as the construction of the dual state 
systems {Rq

rst} or {Rabc} is concerned, all arguments 
given for the two-fermion case can literally be taken 
over if the term "bound boson states" is replaced by 
"bound three fermion states" etc. Thus these argu-
ments also need not be repeated here. We give only 
the result. The physical relevant subset of dual three 
fermion bound states reads 

{Q0(rr\r" tq)} 
•x ß y 

:= {e-iRi Sr/r" yo(x,u tq), Vq e R3, t] (7.20) 

•Xßv 

while the original set is defined by 

r r' r" \%{ry,r" tq)} * ß y 

:={eiR" Urr'r" xo(x,u tq), Vq e R\ t}, (7.21) 
*ßy 

where the definitions (7.16), (7.17) etc. have to be 
observed. 


